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Given the extreme accuracy of modern space science, a precise relativistic modeling of observations
is required. In particular, it is important to describe properly light propagation through the Solar
System. For two decades, several modeling efforts based on the solution of the null geodesic equations
have been proposed but they are mainly valid only for the first order Post-Newtonian approximation.
However, with the increasing precision of ongoing space missions as Gaia, GAME, BepiColombo,
JUNO or JUICE, we know that some corrections up to the second order have to be taken into
account for future experiments. We present a procedure to compute the relativistic coordinate time
delay, Doppler and astrometric observables avoiding the integration of the null geodesic equation.
This is possible using the Time Transfer Function formalism, a powerful tool providing key quantities
such as the time of flight of a light signal between two point-events and the tangent vector to its
null-geodesic. Indeed we show how to compute the Time Transfer Functions and their derivatives
(and thus range, Doppler and astrometric observables) up to the second post-Minkowskian order.
We express these quantities as quadratures of some functions that depend only on the metric and its
derivatives evaluated along a Minkowskian straight line. This method is particularly well adapted
for numerical estimations. As an illustration, we provide explicit expressions in static and spherically
symmetric space-time up to second post-Minkowskian order. Then we give the order of magnitude
of these corrections for the range/Doppler on the BepiColombo mission and for astrometry in a
GAME-like observation.
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2I. INTRODUCTION
During the last twenty years, space science has made stunning progress. Indeed the accuracy on the tracking of
probes increased drastically. For example, the Cassini spacecraft reached the level of few meters for the range and
3× 10−6 m/s for the Doppler [1–3]. In the near future, the BepiColombo mission should reach an accuracy of 10 cm
and 10−6 m/s for range and Doppler respectively [4, 5]. On the other hand, within the next years, Gaia’s astrometric
catalogue is expected to get positions, parallaxes and proper motions of a billion celestial objects with a precision of
several microarcseconds [6], improving by a factor 1000 what was accomplished with HIPPARCOS [7]. However we
know that these high precision observations need to be reduced and interpreted in a complete relativistic framework
[8]. Several key points need to be considered, in particular a precise modeling for the propagation of the observed
signal. In the limit of geometrical optics, it is well known that light rays follow null geodesics. Then radioscience
(range & Doppler) and astrometric observables are traditionally analyzed by determining the full light trajectory,
by solving the null geodesic equations. This method works quite well within the first post-Newtonian (1PN) and
post-Minkowskian (1PM) approximations, as it is shown by the results obtained in [9–16]. In the context of the
Schwarzschild-like geometry, a solution of the null geodesic equations has been derived at the post-post-Minkowskian
(2PM) order in [17, 18]. The case of a static, spherically symmetric space-time has also been considered in [19] where
a solution of the eikonal equation is found.
However, finding an analytical solution of the geodesic equations is a challenging task that requires complex cal-
culations, in particular when one has to take into account the presence of mass multipoles and/or the effects due to
the planetary motions. Moreover calculations become quite complicated in the 2PM approximation [20] especially
when space-time is not stationary [21]. Nevertheless, it has been recently demonstrated that this task is not at all
mandatory and can be replaced by another approach, initially based on the Synge World Function [22] and then on
the Time Transfer Functions (TTF) [23].
Indeed, within the TTF formalism, the solution of the null geodesic equation is advantageously replaced by the
determination of the TTF and its first derivatives. In general, the determination of the TTF is as challenging as the
integration of the null geodesic equations. Nevertheless, this task is really easier in a weak gravitational field. In
particular, an algorithmic method to compute a PM expansion of the TTF at any order has been presented in [23], the
determination of the TTF being done by performing integrals of some functions of the space-time metric evaluated
along a Minkowskian segment between the emitter and the receiver of the signal. Moreover from a computational
point of view, the quadrature of a function taken along a straight line is easier than the full determination of the
photon trajectory, which is a boundary value problem [24].
In this article, we take advantage of the properties of the TTF formalism in order to construct a straightforward
modeling of radioscience and astrometric observables. We present here a method to compute the TTF and its
derivatives (and therefore coordinate time delay, frequency shift and astrometric observables) at 2PM order. Our
method is particularly well adapted for numerical computation of radioscience and astrometric observables from the
space-time metric. It can be used in General Relativity as well as in any alternative theories of gravity where the
light propagation is described by the null geodesic equations at the geometric optic approximation, improving what
two of us presented up to 1PM order in [25].
The paper is organized as follows. In section II, we present the notations and the conventions used through this
paper. In section III, we introduce briefly the TTF formalism and recall how to determine the TTF when the emitter
and the receiver of the light ray are in motion. In section IV, we present a straightforward modeling of the radioscience
and astrometric observables from the TTF. At this point, no expansion nor approximation is made and the observables
are expressed in terms of the TTF and its first derivatives. In Section V, we show how to compute the TTF and its
derivatives up to 2PM order. In section VI, we specify our formulas for a static, spherically symmetric space-time and
apply them to a Schwarzschild-like geometry. We compute the order of magnitude of the 2PM terms in two cases.
First we compute the values of the range and Doppler for BepiColombo and compare our results with those obtained
in [26]. Second, considering a GAME-like observation [27], we simulate absolute and relative astrometric observations
near the limb of the Sun to put in evidence the 2PM contribution to light deflection and aberration. In section VII,
we give our conclusions.
II. NOTATION AND CONVENTIONS
In this paper c is the speed of light in a vacuum and G is the Newtonian gravitational constant. The Lorentzian
metric of space-time V4 is denoted by g. The signature adopted for g is (+ − −−). We suppose that space-time is
covered by some global quasi-Galilean coordinate system (xµ) = (x0,x), where x0 = ct, t being a time coordinate, and
x = (xi). We assume that the curves of equation xi = constants are timelike, which means that g00 > 0 anywhere.
We employ the vector notation a in order to denote (a1, a2, a3) = (ai). Considering two such quantities a and b we
3use a · b to denote aibi (Einstein convention on repeated indices is used). The quantity |a| stands for the ordinary
Euclidean norm of a. For any quantity f(xλ), f,α denotes the partial derivative of f with respect to x
α. In this
paper, we are dealing with post-Minkowskian (PM) expansions. We suppose each quantity can be represented as a
series in ascending power of G. The indices in parentheses characterize the order of perturbation. They are set up or
down, depending on the convenience. For example, the space-time metric can be expanded as
gµν = ηµν +
∞∑
n=1
g(n)µν (1)
where g
(n)
µν is of the order O(Gn).
III. TIME TRANSFER FUNCTION FORMALISM
Let us consider two observers OA and OB located at point xA and xB , respectively. We suppose that the past null
cone at a given point xB = (ctB ,xB) intersects the world line x = xA at only one point xA = (ctA,xA) (see Fig. 1).
The difference tB − tA is the coordinate travel time of a light ray connecting the emission point xA with the reception
point xB . This quantity may be written as a Time Transfer Function [22, 28–30]
tB − tA = Tr(xA, tB ,xB) = Te(tA,xA,xB) , (2)
where Tr and Te are the time transfer functions (TTF) at reception and at emission, respectively. In the following,
we consider only the case of the TTF at reception, but the discussion can be done in the same way by using the TTF
at emission. TTF directly gives the coordinate propagation time of an electromagnetic signal and is therefore closely
related to the Range observable [25]. The determination of the TTF is as challenging as the integration of the null
geodesic equation [11] but, in the weak field approximation, a general PM expansion of the TTF has been presented
in [23] which will be used in section V to derive explicit equations up to the 2PM order. Generally speaking, neither
the emitter OA nor the receiver OB of an electromagnetic signal are static. Instead, they are following a trajectory
xA(t) and xB(t) usually parametrized by a coordinate time t. In this case, Eq. (2) becomes an implicit relation since
xA depends on tA. In the weak field approximation, Eq. (2) must then be read as
tB − tA = Tr(xA(tA), tB ,xB(tB)) = |xB(tB)− xA(tA)|
c
+
1
c
∆r(xA(tA), tB ,xB(tB)) , (3)
with ∆r/c the so called delay function [23]. From an experimental point of view, the position of the emitter OA may
be recorded at the time of emission tB rather than at the time of reception tA, i.e. we may have more direct access
to xA(tB) rather than xA(tA). Two approaches are possible. First an analytical solution can be derived by following
the procedure presented in [31]. For any quantity QA(t) defined along the worldline of the observer OA, let us put
Q˜A = QA(tB). Thus we may write x˜A for xA(tB), r˜A for rA(tB), etc. The idea is now to expand the position of OA
recorded at time tA with respect to coordinate time tB by a Taylor expansion as follow
xA(tA) = x˜A + (tA − tB)v˜A + 1
2
(tA − tB)2a˜A + 1
6
(tA − tB)3b˜A + . . . (4)
where v˜A = vA(tB) =
dxA
dt
∣∣
tB
, a˜A = aA(tB) =
d2xA
dt2
∣∣∣
tB
and b˜A = bA(tB) =
d3xA
dt3
∣∣∣
tB
. The introduction of this
expansion in (3) leads to
tB − tA = D˜AB
c
+ (tB − tA) v˜A · D˜AB
cD˜AB
+
(tB − tA)2
2cD˜AB
v˜2A − a˜A · D˜AB −
(
v˜A · D˜AB
D˜AB
)2
+
(tB − tA)3
2cD˜AB
[
1
3
b˜A · D˜AB − v˜A · a˜A − v˜
2
Av˜A · D˜AB
D˜2AB
+
(v˜A · D˜AB)(a˜A · D˜AB)
D˜2AB
+
(v˜A · D˜AB)3
D˜4AB
]
+
1
c
∆r(x˜A, tB ,xB)
− (tB − tA)
c
∂∆r(x˜A, tB ,xB)
∂xiA
v˜iA +
(tB − tA)2
c
[
1
2
∂∆r(x˜A, tB ,xB)
∂xiA
a˜iA +
∂2∆r(x˜A, tB ,xB)
∂xiA∂x
j
A
v˜iAv˜
j
A
]
+ . . . (5)
4where D˜AB = xB(tB)− xA(tB) and D˜AB =
∣∣∣D˜AB∣∣∣. An iterative solution of Eq. (5) gives
Tr(xA(tA), tB ,xB(tB)) = D˜AB
c
+
v˜A · D˜AB
c2
+
D˜AB
2c3
v˜2A +
(
v˜A · D˜AB
D˜AB
)2
− a˜A · D˜AB
+
1
c4
[
(v˜A · D˜AB)(v˜2A − a˜A · D˜AB) +
1
6
D˜2AB b˜A · D˜AB −
1
2
D˜2ABv˜A · a˜A
]
+ (6)
1
c
∆r(x˜A, tB ,xB)− D˜AB
c2
∂∆r(x˜A, tB ,xB)
∂xiA
v˜iA +
v˜A · D˜AB
c2D˜AB
∆r(x˜A, tB ,xB) +O(1/c5).
Eq. (6) is a post-Newtonian (PN) formula since the TTF is expanded in terms of quantities such as v˜A/c, (D˜AB · a˜)/c2
that should be small in order to assure the convergence of this series. It should be noted that for this PN expansion ∆
(1)
r
is considered of order G/c2. This computation can be continued to higher orders if necessary. This analytical expansion
includes what is usually referred to as Sagnac-like terms [12, 32]. However, this expansion has the disadvantage to
be valid for small velocities/accelerations only, which is not problematic in the Solar System but can be limiting in
other applications like binary pulsars. Moreover, in this expansion, derivatives of ∆r appear (and higher derivatives
appear at higher orders) and these terms can become difficult to compute.
That is why a second approach, based on a numerical iterative process, is more practical. This procedure is standard
and can be written as
Start: t
(0)
A = tB − Tr(xA(tB), tB ,xB(tB)) (7a)
Loop: t
(i+1)
A = tB − Tr(xA(t(i)A ), tB ,xB(tB)) (7b)
End: when
∣∣∣t(i+1)A − t(i)A ∣∣∣ < ε (7c)
with ε the desired accuracy. Each step of this iterative procedure requires one to evaluate the TTF. In practice, at
least for Solar System applications, this procedure converges very quickly after two or three iterations. The main
advantages of this procedure are that no PN approximation is done and it is easy to implement.
These two procedures allow us to compute tA, the coordinate emission time of the signal emitted along the world
line xA(t), from the reception coordinate time tB and the coordinate of the receiver xB . The analytical expansion
(6) is a PN expansion of tA up to O(1/c4) while the iterative procedure (7) is valid up to any order.
IV. DOPPLER AND ASTROMETRIC OBSERVABLES FROM THE TIME TRANSFER FUNCTION
Here, we derive exact relativistic formulas to model the Doppler and astrometric observables as functions of the
TTF and its partial derivatives. We consider three different observers OA, OA′ and OB. We assume that OA and
OA′ are emitting light rays at coordinates (tA,xA) and (tA′ ,xA′), respectively. We assume also that these signals are
received by OB at coordinates (tB ,xB). OB is equipped with a comoving tetrad of components E. Fig. 1 illustrates
the specific case of a light ray of frequency νA emitted by OA with a wave 4-vector of components kµA and received
by OB at a frequency νB and with a wave 4-vector of components kµB .
A. Frequency shift observables
First, we focus on the one-way frequency shift between OA and OB. Let us define it as follow
∆ν
ν
∣∣∣∣one-way
A→ B
=
νB
νA
− 1 . (8)
It is well-known that the ratio νB/νA can be expressed as [33, 34]
νB
νA
=
uµBk
B
µ
uνAk
A
ν
=
u0B
u0A
kB0
kA0
1 + βiB kˆ
B
i
1 + βiAkˆ
A
i
, (9)
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FIG. 1. Representation of the general geometry studied in this paper: a light signal of frequency νA is emitted by OA with a
wave 4-vector of components kµB and received by OB at a frequency νB and with a wave 4-vector of components kµB .
where uµA = (dx
µ/ds)A and u
µ
B = (dx
µ/ds)B are the four-velocity of OA and OB, βiA = dxiA/cdt and βiB = dxiB/cdt
are their coordinate velocities, kˆAi =
(
kAi /k
A
0
)
and kˆBi =
(
kBi /k
B
0
)
, while kAµ and k
B
µ are the wave vectors tangents to
the light ray at the point of emission xA and at the point of reception xB , respectively.
The TTF formalism provides a direct way of defining the ratio of the spatial and temporal covariant components
of the tangent vector to a photon trajectory kµ = dxµ/dσ, σ being an affine parameter, at OA and OB as [22](
kˆi
)
A
=
(
ki
k0
)
A
= c
∂Tr
∂xiA
= −N iAB +
∂∆r
∂xiA
, (10a)
(
kˆi
)
B
=
(
ki
k0
)
B
= −c ∂Tr
∂xiB
[
1− ∂Tr
∂tB
]−1
= −
(
N iAB +
∂∆r
∂xiB
)
×
[
1− 1
c
∂∆r
∂tB
]−1
, (10b)
(k0)B
(k0)A
= 1− ∂Tr
∂tB
= 1− 1
c
∂∆r
∂tB
, (10c)
where N iAB =
RiAB
RAB
with RiAB = x
i
B − xiA and RAB = |xB − xA|. Noting that
u0A/B =
[
g00 + 2g0iβ
i + gijβ
iβj
]−1/2
A/B
, (11)
it is then straightforward to define the one-way frequency shift (8) as a function of ∆r and its partial derivatives.
Substituting for kˆi from Eq. (10) and inserting it in relation (9) with using (11) , one gets the exact expression [25,
34, 35]
νB
νA
=
[
g00 + 2g0iβ
i + gijβ
iβj
]1/2
A
[g00 + 2g0iβi + gijβiβj ]
1/2
B
×
1−N iABβiB − βiB ∂∆r∂xiB −
1
c
∂∆r
∂tB
1−N iABβiA + βiA ∂∆r∂xiA
. (12)
This modeling can be extended easily to a multi-way frequency shift. For example, let us consider a signal emitted
with a frequency νA by an observer OA, transmitted by an observer OB and then received by an observer OC at a
frequency νC , which can eventually be OA for a 2-way frequency shift. The frequency shift between OA and OC is
defined in the same way as for the 1-way
∆ν
ν
∣∣∣∣
A→ C
=
νC
νA
− 1 . (13)
The ratio νC/νA can be decomposed as follows
νC
νA
=
νC
νB,e
δνB
νB,r
νA
, (14)
6where νB,r is the proper frequency received by the observer OB, while νB,e is the proper frequency emitted by the same
observer. The factor δνB ≡ νB,e/νB,r stands for any frequency shift, i.e. due to a transponder, introduced between
the reception and re-emission of the signal. The computation of the multi-ways frequency shift is straightforward: the
two terms νC/νB,e and νB,r/νA from (14) are 1-way frequency shifts and can be computed using (12). This procedure
can be generalized easily if more links are needed.
B. Astrometric observables
The goal of astrometry is to determine the position of celestial bodies from angular observations. We focus on two
main approaches. First, we consider the modeling of the direction of incidence of a light ray in a given reference
frame, which gives an absolute positioning of the studied object on a celestial sphere. Second, we consider the case of
the angular separation of two light sources.
One way to get a covariant definition of the absolute positioning of a light source is to use the tetrad formalism [36–
39] thus giving the direction of observation of an incoming light ray in a tetrad E comoving with the observer OB (see
Fig. 1). Let us note Eµ〈α〉 the components of this tetrad, where 〈α〉 corresponds to the tetrad index and µ is a normal
tensor index that can be lowered and raised by use of the metric. The tetrad is assumed to be orthonormal so that
gµνE
µ
〈α〉E
ν
〈β〉 = η〈α〉〈β〉. (15)
Vector Eν〈0〉 is chosen unit and timelike, and consequently E
ν
〈i〉 are unit and spacelike. The components of the tetrad
allow us to transform the coordinates of the wave vector from the global coordinate frame to the tetrad frame
k〈α〉 = E
µ
〈α〉kµ (16)
where kµ are the coordinates of the wave vector in the global frame (represented on Fig. 1) while k〈α〉 are the
coordinates of the same vector in the tetrad frame. The incident direction of the light ray in the tetrad frame (which
is a relativistic observable) is given by the normalization
n〈i〉 =
k〈i〉√
δjkk〈j〉k〈k〉
=
k〈i〉
k〈0〉
= − k〈i〉
k〈0〉
, (17)
where we used the properties of the null-vector k〈i〉 and the fact that the metric tensor has a Minkowskian form in
the tetrad frame. Using the transformation law (16) into Eq. (17), one gets
n〈i〉 = −
E0〈i〉k0 + E
j
〈i〉kj
E0〈0〉k0 + E
j
〈0〉kj
= −
E0〈i〉 + E
j
〈i〉kˆj
E0〈0〉 + E
j
〈0〉kˆj
, (18)
where kˆj are the deflection functions at OB defined in (10b). This expression is consistent with the one derived in [40].
Using the relation (10b) one can then express the incoming direction of the light ray in terms of the reception delay
function and its derivatives [41, 42] as
n〈i〉 = −
E0〈i〉
(
1− 1c ∂∆r∂tB
)
− Ej〈i〉N j − Ej〈i〉 ∂∆r∂xjB
E0〈0〉
(
1− 1c ∂∆r∂tB
)
− Ej〈0〉N j − Ej〈0〉 ∂∆r∂xjB
, (19)
which is an exact formula.
Let us now examine the second kind of astrometric observations, namely the modeling of angular distance between
two celestial bodies. This observable can also be computed within the TTF formalism. We assume that two different
light sources OA and OA′ are emitting a light ray Γ and Γ′, respectively. These light rays are received simultaneously
byOB at coordinates (tB ,xB). We denote by k and k′ the wave vector of Γ and Γ′ atOB, respectively. Using expression
(10b), we construct the ratio
(
kˆj
)
B
corresponding to Γ and
(
kˆ′j
)
B
describing Γ′, which require an expression for the
derivatives of the TTF whose expression up to the 2PM order will be given in section V. It is straightforward to show
that the angular distance φ between OA and OA′ , as observed by a moving observer OB, can be written as [43]
sin2
φ
2
= −1
4
[(
g00 + 2g0kβ
k + gklβ
kβl
)
gij(kˆ′i − kˆi)(kˆ′j − kˆj)
(1 + βmkˆm)(1 + βlkˆ′l)
]
B
, (20)
where βiB = (dx
i/cdt)B is the coordinate velocity of OB at coordinates (tB ,xB).
7V. POST-MINKOWSKIAN EXPANSION OF THE TIME TRANSFER FUNCTION AND ITS
DERIVATIVES
In Section IV, we have presented a method to compute Doppler and astrometric observables in an exact form
depending explicitly on the expression of the TTF and its derivatives. In this section, we present a way to derive
these quantities up to 2PM order as integrals of some functions of the space-time metric taken along a straight line.
In the weak field approximation, the expression of Tr as a formal PM series has been derived by [23] and can be
written in ascending powers of G as
Tr(xA, tB ,xB) = RAB
c
+
1
c
∞∑
n=1
∆(n)r (xA, tB ,xB) , (21)
where ∆
(n)
r is of the order O(Gn). The goal of this section is then to derive analytical formulas for the delay functions
∆
(1)
r , ∆
(2)
r and their derivatives [44] up to 2PM order.
A. Notations and variables used
In the following, we provide some useful notations used throughout this paper. First of all, the Minkowskian path
between the emitter and the receiver (which is a straight line) is parametrized by λ (whose values are between 0 and
1) and is given by
z0(λ) = ctB − λRAB (22a)
z(λ) = xB − λRAB = xB(1− λ) + λxA. (22b)
We introduce the derivatives of these expressions with respect to the variables xA/B , i. e. the quantities
z0,(Ai)(λ) =
∂z0(λ)
∂xiA
= λN iAB , (23a)
z0,(Bi)(λ) =
∂z0(λ)
∂xiB
= −λN iAB , (23b)
zj,(Ai)(λ) =
∂zj(λ)
∂xiA
= λδji , (23c)
zj,(Bi)(λ) =
∂zj(λ)
∂xiB
= (1− λ)δji , (23d)
z0,(Ak)(Al)(λ) =
∂2z0
∂xlA∂x
k
A
=
λ
RAB
(NkABN
l
AB − δkl) , (23e)
z0,(Ak)(Bl)(λ) =
∂2z0
∂xlB∂x
k
A
= − λ
RAB
(NkABN
l
AB − δkl) . (23f)
We will use the functions p and p(n) defined from the PM expansion of the space-time metric as follows
p(n)(λ) = p
[
gµν(n)(z
β(λ)), N iAB , RAB
]
=
RAB
2
[
g00(n) − 2NkABg0k(n) +NkABN lABgkl(n)
]
zβ(λ)
. (24a)
We also define a similar expression with the metric replaced by its derivatives
p(n)α(λ) = p
[
gµν(n),α(z
β(λ)), N iAB , RAB
]
=
RAB
2
[
g00(n),α − 2NkABg0k(n),α +NkABN lABgkl(n),α
]
zβ(λ)
. (24b)
It is worth noticing that the last definition corresponds to the derivative of p(n)(λ) with respect to z
β , by keeping
N iAB and RAB constants
p(n)α(λ) =
∂p(n)(λ)
∂zα
∣∣∣∣
NiAB ,RAB cst
. (25)
8We will also use the functions qj(n) that are defined by the derivative of p(n) with respect to x
j
A by keeping z
β
constant
qj(n)(λ) =
∂p(n)
∂xjA
∣∣∣∣∣
zβ=cst
=
1
2
[
−N jABg00(n) + 2g0j(n) − 2gjk(n)NkAB +NkABN lABN jABgkl(n)
]
zβ(λ)
. (26a)
It is then straightforward to show that
qj(n)(λ) = −
∂p(n)
∂xjB
∣∣∣∣∣
zβ=cst
. (26b)
We define a similar expression by replacing the metric by its derivatives
qj(n)α(λ) =
∂p(n)α
∂xjA
∣∣∣∣∣
zβ=cst
= − ∂p(n)α
∂xjB
∣∣∣∣∣
zβ=cst
=
1
2
[
−N jABg00(n),α + 2g0j(n),α − 2gjk(n),αNkAB +NkABN lABN jABgkl(n),α
]
zβ(λ)
. (26c)
Finally, the derivatives of qj(n) with respect to x
k
A by keeping z
β constant are denoted by
sij(n)(λ) =
∂qi(n)
∂xjA
∣∣∣∣∣
zα=cst
= −
qi(n)
∂xkB
∣∣∣∣∣
zα=cst
=
1
2RAB
[
g00(n)(δ
ij −N iABN jAB) + 2gij(n) − 2NkAB(gik(n)N jAB + gjk(n)N lAB) (26d)
+gkl(n)N
k
ABN
l
AB(3N
i
ABN
j
AB − δij)
]
zα(λ)
.
B. Expansion at first PM order
The expression of ∆
(1)
r is given in [23] as an integral taken along zα(λ) of the components of the metric tensor
∆(1)r (xA, tB ,xB) =
RAB
2
∫ 1
0
[
g00(1) − 2N iABg0i(1) +N iABN jABgij(1)
]
zα(λ)
dλ . (27)
Using the notations (24), we rewrite Eq. (27) as
∆(1)r (xA, tB ,xB) =
∫ 1
0
p
[
gµν(1)(z
β (λ)) , N iAB , RAB
]
dλ =
∫ 1
0
p(1)(λ)dλ. (28)
The derivatives of ∆
(1)
r can then be computed from (28) by inverting the integral and the partial derivative and by
using the chain rules
∂∆
(1)
r
∂xiA
(xA, tB ,xB) =
∫ 1
0
[
∂p(1)(λ)
∂zα
∣∣∣∣
NiAB ,RAB cst
∂zα
∂xiA
+
∂p(1)(λ)
∂xiA
∣∣∣∣
zβ=cst
]
dλ. (29)
This can be rewritten using relations (23), (25) and (26a) as
∂∆
(1)
r
∂xiA
(xA, tB ,xB) =
∫ 1
0
[
p(1)α(λ)z
α
,(Ai)(λ) + q
i
(1)(λ)
]
dλ , (30a)
while a similar reasoning leads to
∂∆
(1)
r
∂xiB
(xA, tB ,xB) =
∫ 1
0
[
p(1)α(λ)z
α
,(Bi)(λ)− qi(1)(λ)
]
dλ , (30b)
∂∆
(1)
r
∂tB
(xA, tB ,xB) = c
∫ 1
0
p(1)0(λ)dλ . (30c)
9Eqs. (29)-(30) are equivalent to those derived in [25]. When replaced into Eq. (12), Eq. (19) and Eq. (20), they give
a full description of Doppler and astrometric observables at 1PM.
Some other quantities will be useful for the computations at the 2PM order. In particular, ∆
(1)
r (z(λ), tB ,xB) is
defined similarly to (27) as
∆(1)r (z(λ), tB ,xB) =
RzB
2
∫ 1
0
[
g00(1) − 2N izBg0i(1) +N izBN jzBgij(1)
]
yα(µ)
dµ =
∫ 1
0
p
[
gµν(1)(y
α (µ)) , N izB , RzB
]
dµ (31)
where the integral is performed over a straight line joining zα(λ) to xαB . This path is parametrized by y
α(µ), whose
components are given by
y0(µ) = ctB − µRzB = ctB − µ |xB − z(λ)| (32a)
y(µ) = xB − µ (xB − z(λ)) . (32b)
Using the definition of zα given in Eq. (22), the last expression becomes
yα(µ) = zα(µλ) . (33)
Inserting this relation in (31) and noticing that
RzB = λRAB (34a)
and
NzB = NAB , (34b)
one gets
∆(1)r (z(λ), tB ,xB) =
∫ 1
0
p
[
gµν(1)(z
β (λµ)) , N iAB , λRAB
]
dµ .
Since p is linear with respect to RAB , the last expression becomes
∆(1)r (z(λ), tB ,xB) = λ
∫ 1
0
p
[
gµν(1)(z
β (λµ)) , N iAB , RAB
]
dµ = λ
∫ 1
0
p(1)(λµ)dµ . (35)
We shall also need the quantity
∂∆(1)r (z(λ),tB ,xB)
∂xi (where the derivative is taken with respect to z(λ)). To compute it,
we apply the chain rules to Eq. (31) so that we get
∂∆
(1)
r (z(λ), tB ,xB)
∂xi
=
∫ 1
0
 ∂p
[
gµν(1)(y
β(µ)), N izB , Rzb
]
∂yα
∣∣∣∣∣∣
NizB ,RzB cst
∂yα
∂zi
+
∂p
[
gµν(1)(y
β(µ)), N izB , Rzb
]
∂zi
∣∣∣∣∣∣
yβ=cst
 dµ.
(36)
The first part of the integrand gives
∂p
[
gµν(1)(y
β(µ)), N izB , Rzb
]
∂yα
∣∣∣∣∣∣
NizB ,RzB cst
= p
[
gµν(1),α(y
β(µ)), N izB , Rzb
]
= λp
[
gµν(1),α(z
β(λµ)), N iAB , RAb
]
= λp(1)α(λµ) ,
(37)
while the derivative of yα is given by
∂y0(µ)
∂zi
= µN izB = µN
i
AB ,
∂yj(µ)
∂zi
= µδji .
The comparison of these expressions with (23a) and (23c) gives then
λ
∂yα(µ)
∂zi
=
∂zα(λµ)
∂xiA
= zα,(Ai)(λµ). (38)
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The computation of the last quantity in the integrand is also straightforward. We get
∂p
[
gµν(1)(y
β(µ)), N izB , Rzb
]
∂zi
∣∣∣∣∣∣
yβ=cst
=
1
2
[
−N izBg00(1) + 2g0i(1) − 2gik(1)NkzB +NkzBN lzBN izBgkl(1)
]
yβ(µ)
. (39)
Using (34) and (33) into Eq. (39) and comparing to Eq. (26), one can finally set
∂p
[
gµν(1)(y
β(µ)), N izB , Rzb
]
∂zi
∣∣∣∣∣∣
yβ=cst
= qi(1)(λµ). (40)
We can now use (37), (38) and (40) into (36) to get
∂∆
(1)
r (z(λ), tB ,xB)
∂xi
=
∫ 1
0
[
p(1)α(λµ)z
α
,(Ai)(λµ) + q
i
(1)(λµ)
]
dµ . (41a)
The next quantities of interest are the derivatives of ∆
(1)
r (z(λ), tB ,xB) with respect to x
i
A/B and tB . Once again,
we apply the chain rules to (35) so that
∂∆
(1)
r (z(λ), tB ,xB)
∂xiA
= λ
∫ 1
0
[
p(1)α(λµ)z
α
,(Ai)(λµ) + q
i
(1)(λµ)
]
dµ , (41b)
∂∆
(1)
r (z(λ), tB ,xB)
∂xiB
= λ
∫ 1
0
[
p(1)α(λµ)z
α
,(Bi)(λµ)− qi(1)(λµ)
]
dµ , (41c)
∂∆
(1)
r (z(λ), tB ,xB)
∂tB
= c λ
∫ 1
0
p(1)0(λµ)dµ . (41d)
Finally, we explicit the second derivatives of ∆
(1)
r (z(λ), tB ,xB) using the chain rules from Eq. (41a) as
∂2∆
(1)
r
∂xiA∂x
j
(z(λ), tB ,xB) =
∫ 1
0
[ p(1)αβz
α
,(Aj)z
β
,(Ai) + q
i
(1)αz
α
,(Aj) + p(1)αz
α
,(Aj)(Ai) + q
j
(1)αz
α
,(Ai) + s
ji
(1) ]λµ dµ , (42a)
∂2∆
(1)
r
∂xiB∂x
j
(z(λ), tB ,xB) =
∫ 1
0
[ p(1)αβz
α
,(Aj)z
β
,(Bi) − qi(1)αzα,(Aj) + p(1)αzα,(Aj)(Bi) + qj(1)αzα,(Bi) − sji(1) ]λµ dµ , (42b)
∂2∆
(1)
r
∂tB∂xj
(z(λ), tB ,xB) = c
∫ 1
0
[
p(1)α0(λµ)z
α
,(Aj)(λµ) + q
j
(1)0(λµ)
]
dµ. (42c)
To summarize, the expansion of the TTF and its derivatives at 1PM order are given by (28) and (30). The quantities
(35), (41) and (42) will be useful in the calculation of the 2PM expansion of the TTF presented in the following.
C. Expansion at second PM order
The expression of ∆
(2)
r can also be derived from [23] and rewritten with our notations as
∆(2)r (xA, tB ,xB) =
∫ 1
0
[I1(λ) + I2(λ) + I3(λ)] dλ (43)
with
I1(λ) = p(2)(λ)−∆(1)r (z(λ), tB ,xB) p(1)0(λ)
= p(2)(λ)− λ p(1)0(λ)
∫ 1
0
p(1)(λµ)dµ , (44a)
where we have used (35),
I2(λ) =
[
RAB g
0i
(1) −RkAB gik(1)
]
zα(λ)
× ∂∆
(1)
r
∂xi
(z(λ), tB ,xB)
=
[
RAB g
0i
(1) −RkAB gik(1)
]
zα(λ)
×
∫ 1
0
[
p(1)α(λµ)z
α
,(Ai)(λµ) + q
i
(1)(λµ)
]
dµ , (44b)
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where we have used (41a) and
I3(λ) = −RAB
2
3∑
j=1
[
∂∆
(1)
r
∂xj
(z(λ), tB ,xB)
]2
= −RAB
2
3∑
j=1
{∫ 1
0
[
p(1)α(λµ)z
α
,(Aj)(λµ) + q
j
(1)(λµ)
]
dµ
}2
, (44c)
where we have used the relation (41a).
Applying extensively the chain rules, we can now derive the expression of the partial derivatives of Eq. (43) as
∂∆
(2)
r
∂xiA/B
(xA, tB ,xB) =
∫ 1
0
[
∂I1
∂xiA/B
(λ) +
∂I2
∂xiA/B
(λ) +
∂I3
∂xiA/B
(λ)
]
dλ (45a)
∂∆
(2)
r
∂tB
(xA, tB ,xB) =
∫ 1
0
[
∂I1
∂tB
(λ) +
∂I2
∂tB
(λ) +
∂I3
∂tB
(λ)
]
dλ , (45b)
where the derivatives can be written as follows
∂I1(λ)
∂xiA
= p(2)α(λ)z
α
,(Ai)(λ) + q
i
(2)(λ)−∆(1)r (z(λ), tb,xB)
[
p(1)0α(λ)z
α
,(Ai)(λ) + q
i
(1)0(λ)
]
−p(1)0(λ) ∂∆
(1)
r
∂xiA
(z(λ), tB ,xB) , (46a)
∂I1(λ)
∂xiB
= p(2)α(λ)z
α
,(Bi)(λ)− qi(2)(λ)−∆(1)r (z(λ), tb,xB)
[
p(1)0α(λ)z
α
,(Bi)(λ)− qi(1)0(λ)
]
−p(1)0(λ) ∂∆
(1)
r
∂xiB
(z(λ), tB ,xB) (46b)
and with ∆
(1)
r (z(λ), tB ,xB) and its derivatives given by (35), (41b) and (41c). Similarly, we also compute
∂I2(λ)
∂xiA
=
[
−N iABg0j(1) + gij(1) + (RABg0j(1),α − gjk(1),αRkAB)zα,(Ai)
]
zβ(λ)
× ∂∆
(1)
r
∂xj
(z(λ), tB ,xB)
+[RABg
0j
(1) −RkABgjk(1)]zβ(λ) ×
∂2∆
(1)
r
∂xiA∂x
j
(z(λ), tB ,xB) , (46c)
∂I2(λ)
∂xiB
=
[
N iABg
0j
(1) − gij(1) + (RABg0j(1),α − gjk(1),αRkAB)zα,(Bi)
]
zβ(λ)
× ∂∆
(1)
r
∂xj
(z(λ), tB ,xB)
+[RABg
0j
(1) −RkABgjk(1)]zβ(λ) ×
∂2∆
(1)
r
∂xiB∂x
j
(z(λ), tB ,xB) (46d)
and
∂I3(λ)
∂xiA
=
N iAB
2
3∑
j=1
(
∂∆
(1)
r
∂xj
(z(λ), tB ,xB)
)2
−RAB
3∑
j=1
[
∂∆
(1)
r
∂xj
(z(λ), tB ,xB) · ∂
2∆
(1)
r
∂xiA∂x
j
(z(λ), tB ,xB)
]
, (46e)
∂I3(λ)
∂xiB
= −N
i
AB
2
3∑
j=1
(
∂∆
(1)
r
∂xj
(z(λ), tB ,xB)
)2
−RAB
3∑
j=1
[
∂∆
(1)
r
∂xj
(z(λ), tB ,xB) · ∂
2∆
(1)
r
∂xiB∂x
j
(z(λ), tB ,xB)
]
, (46f)
where the derivatives of ∆
(1)
r are given by (41a) and the second derivatives will be given explicitly in Eq. (42). Finally,
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the derivatives of Ij(λ) with respect to tB are given by
∂I1
∂tB
= c p(2)0(λ)− c p(1)00(λ) ∆(1)r (z(λ), tB ,xB)− p(1)0(λ)
∂∆
(1)
r
∂tB
(z(λ), tB ,xB) , (46g)
∂I2
∂tB
= c[RABg
0i
(1),0 −RkABgik(1),0]zβ(λ) ×
∂∆
(1)
r
∂xi
(z(λ), tB ,xB) + [RABg
0i
(1) −RkABgik(1)]zβ(λ) ×
∂2∆
(1)
r
∂tB∂xi
(z(λ)) , (46h)
∂I3
∂tB
= −RAB
3∑
j=1
∂∆
(1)
r
∂xj
(z(λ), tB ,xB) · ∂
2∆
(1)
r
∂tB∂xj
(z(λ), tB ,xB)dλ , (46i)
where ∆
(1)
r is given by (35), its first derivatives by (41d) and (41a) and where the expression of the second derivatives
are given by Eq. (42).
The relations given above provide the TTF and its derivatives up to the 2PM order in an integral form particularly
adapted for a numerically evaluation from any metric. When replaced into Eq. (12), Eq. (19) and Eq. (20), they give
a full description of Doppler and astrometric observables at 2PM.
VI. APPLICATIONS TO A STATIC, SPHERICALLY SYMMETRIC SPACE-TIME
The results presented above will be illustrated through the case of a static, spherically symmetric space-time. In
isotropic coordinates, the line element can be written
ds2 = A(r)c2dt2 −B(r)δijdxidxj . (47)
As mentioned in [45], the light rays of metric (47) are the same as the light rays of any ds˜2 conformal to (47). We
can thus simplify the calculations by choosing ds˜2 = A−1(r)ds2 and deal with the following line element
ds˜2 = c2dt2 − B(r)
A(r)
δijdx
idxj = c2dt2 − U(r)δijdxidxj . (48)
We can now consider a PM expansion of the function U(r) = 1 +U (1)(r) +U (2)(r) + . . . . This procedure will simplify
the results shown in Section V. Let us assume that a light ray is emitted by OA at coordinates (ctA,xA) and received
by an observer OB at coordinates (ctB ,xB). Using Eqs. (28)-(30), the reception delay function and its first derivatives
at 1PM order can be written as
∆(1)r (xA,xB) =
RAB
2
∫ 1
0
U (1)(z(λ))dλ , (49a)
∂∆
(1)
r
∂xiA
(xA,xB) = −U
(1)(rA)
2
N iAB +
[
RAB
2
xiB +
N iAB
4
(r2A −R2AB − r2B)
]
×
∫ 1
0
λ
z(λ)
∂U (1)
∂r
(z(λ))dλ , (49b)
∂∆
(1)
r
∂xiB
(xA,xB) =
U (1)(rA)
2
N iAB +
RABx
i
B
2
∫ 1
0
1
z(λ)
∂U (1)
∂r
(z(λ))dλ (49c)
−
[
RAB
2
xiB +
N iAB
4
(r2A +R
2
AB − r2B)
]
×
∫ 1
0
λ
z(λ)
∂U (1)
∂r
(z(λ))dλ ,
where z(λ) = |z(λ)|, z(λ) being given by Eq. (22) and where we use the notations rA = |xA|, rB = |xB |, RAB =
|xB − xA| and N iAB = (xiB − xiA)/RAB . Similarly, using (41a), one can show that
∂∆
(1)
r
∂xi
(z(λ),xB) = −U (1)(z(λ))N
i
AB
2
+ λ
[
RAB
2
xiB +
N iAB
4
(r2A −R2AB − r2B)
]
V (λ) , (50)
with
V (λ) ≡
∫ 1
0
µ
z(λµ)
∂U (1)
∂r
(z(λµ))dµ . (51)
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Substituting now for the metric tensor from Eq. (48) into Eq. (43), the 2PM order of the reception delay function is
given by
∆(2)r (xA,xB) =
RAB
2
∫ 1
0
[
U (2)(z(λ)) + I¯3(λ)
]
dλ , (52)
where we defined I¯3(λ) ≡ 2I3(λ)/RAB . Using Eq. (50), one gets
I¯3(λ) = −
3∑
j=1
[
∂∆
(1)
r (z(λ))
∂xj
]2
= −1
4
{
U2(1)(z(λ)) +
V 2(λ)
4
[
4r2BR
2
zB − (z2(λ)−R2zB − r2B)2
]}
(53)
with RzB ≡ |xB−z(λ)|. In the last relation, it can sometimes be useful to replace z(λ)2−R2zB−r2B = λ(r2A−R2AB−r2B)
or 4R2zBr
2
B − (z2(λ) − R2zB − r2B)2 = −λ2
[
(rA + rB)
2 −R2AB
] [
(rA − rB)2 −R2AB
]
and use V (λ) as defined by (51).
From Eqs. (45)-(46), the derivatives of ∆
(2)
r are then given by
∂∆
(2)
r
∂xiA
= −N
i
AB
RAB
∆(2)r +
RAB
2
∫ 1
0
[
λzi(λ)
z(λ)
∂U (2)
∂r
(z(λ)) +
∂I¯3
∂xiA
(λ)
]
dλ , (54a)
∂∆
(2)
r
∂xiB
=
N iAB
RAB
∆(2)r +
RAB
2
∫ 1
0
[
(1− λ)zi(λ)
z(λ)
∂U (2)
∂r
(z(λ)) +
∂I¯3
∂xiB
(λ)
]
dλ , (54b)
with
∂I¯3
∂xiA
(λ) = −1
4
{
2λ
zi(λ)
z(λ)
U (1)(z(λ))
∂U (1)
∂r
(z(λ))− λ2V (λ)
2
∂V
∂xiA
(λ)
[
(rA + rB)
2 −R2AB
] [
(rA − rB)2 −R2AB
]
−λ2V 2(λ) [2r2BRiAB + (r2A −R2AB − r2B)xiB]} , (55a)
∂I¯3
∂xiB
(λ) = −1
4
{
2(1− λ)z
i(λ)
z(λ)
U (1)(z(λ))
∂U (1)
∂r
(z(λ))− λ2V (λ)
2
∂V
∂xiB
(λ)
[
(rA + rB)
2 −R2AB
] [
(rA − rB)2 −R2AB
]
+λ2V 2(λ)
[
(r2A + r
2
B −R2AB)RiAB + (r2A +R2AB − r2B)xiB
]}
. (55b)
and where the derivatives of V (λ) can be computed as
∂V
∂xiA
(λ) =
∫ 1
0
[
∂2U (1)
∂r2
(z(λµ))
λµ2zi(λµ)
z2(λµ)
− λµ2 ∂U
(1)
∂r
(z(λµ))
zi(λµ)
z3(λµ)
]
dµ , (56a)
∂V
∂xiB
(λ) =
∫ 1
0
[
∂2U (1)
∂r2
(z(λµ))
(1− λµ)µzi(λµ)
z2(λµ)
− (1− λµ)µ∂U
(1)
∂r
(z(λµ))
zi(λµ)
z3(λµ)
]
dµ . (56b)
Let us now study a Schwarzschild-like metric, whose expansion in isotropic coordinates is
ds2 =
(
1− 2m
r
+ 2β
m2
r2
+ . . .
)
c2dt2 −
(
1 + 2γ
m
r
+
3
2

m2
r2
+ . . .
)
δijdx
idxj , (57)
and U(r) is given by
U(r) = 1 + 2(1 + γ)
m
r
+ 2κ
m2
r2
+ . . . , (58)
where κ = 2(1 + γ)− β + 34.
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Introducing U(r) from Eq. (58) into (49) leads to
∆(1)r = RAB(1 + γ)m
∫ 1
0
dλ
z(λ)
= (γ + 1)m ln
(
rA + rB +RAB
rA + rB −RAB
)
, (59a)
∂∆
(1)
r
∂xiA
= −(1 + γ)m
rA
N iAB +
[
RAB
2
xiB +
N iAB
4
(r2A −R2AB − r2B)
]
× −4(1 + γ)m
rA [(rA + rB)2 −R2AB ]
= − 2(1 + γ)m
(rA + rB)2 −R2AB
[
RAB
rA
xiA +N
i
AB(rA + rB)
]
, (59b)
∂∆
(1)
r
∂xiB
= (1 + γ)
m
rA
N iAB −
RABx
i
B
2
4(1 + γ)m
(
1
rA
+ 1rB
)
(rA + rB)2 −RAB2

−
[
RAB
2
xiB +
N iAB
4
(r2A +R
2
AB − r2B)
]
× −4(1 + γ)m
rA [(rA + rB)2 −R2AB ]
= − 2(1 + γ)m
(rA + rB)2 −R2AB
[
RAB
rB
xiB −N iAB(rA + rB)
]
(59c)
One should note that Eq. (59a) is equivalent to the expression of the time delay found by Shapiro [46], while the two
derivatives (59b) and (59c) are in agreement with results found in [12].
The computation at the 2PM order is more cumbersome. Substituting for U(r) from Eq. (58) into Eq. (52), one
gets
∆(2)r = RABκm
2
∫ 2
0
dλ
z2(λ)
+
RAB
2
∫ 1
0
I¯3(λ)dλ (60)
where, using V (λ) as determined from Eq. (51)
V (λ) = −2(1 + γ)m
∫ 1
0
µ
z3(λµ)
dµ = − 4(1 + γ)m
z(λ) [(z(λ) + rB)2 − λ2R2AB ]
. (61)
into Eq. (53), we obtain I¯3(λ) as
I¯3(λ) = − 4(1 + γ)
2m2rB
z(λ) [(z(λ) + rB)2 − λ2R2AB ]
= −4(1 + γ)2m2 d
dλ
[
λ
(z(λ) + rB)2 − λ2R2AB
]
. (62)
Replacing this expression in Eq. (60) and integrating, one gets
∆(2)r (xA,xB) = m
2 RAB
rArB
[
κ arccosµ√
1− µ2 −
(1 + γ)2
1 + µ
]
, (63)
with µ = (nA.nB) and where nA/B = xA/B/rA/B . Substituting for ∆r from Eqs (49a)-(63) into Eq. (21), we finally
get an expression for the TTF in a Schwarzschild-like metric and up to 2PM as
Tr(xA, tB ,xB) = tB − tA = RAB
c
+
(γ + 1)m
c
ln
(
rA + rB +RAB
rA + rB −RAB
)
+
m2RAB
c rArB
[
κ arccosµ√
1− µ2 −
(1 + γ)2
1 + µ
]
. (64)
We recover a result previously derived by different approaches [19, 20, 22, 23, 45] (see also [47] in the case where
β = γ = δ = 1).
We can now compute the derivatives of ∆
(2)
r . As an example, we will only focus on the derivative with respect to
xiA; the other derivative (with respect to x
i
B) can be computed similarly. Using Eq. (58) into Eq. (56), one gets
∂V
∂xiA
(λ) =
8(1 + γ)mλ
z3(λ) [(z(λ) + rB)2 − λ2R2AB ]2
{ [
(z2(λ) + 2z(λ)rB + z(λ) · xB
]
xiB−λRiAB [2z(λ)rB + z(λ) · xB ]
}
. (65)
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Replacing this result in Eq. (55a) then leads to
∂I¯3
∂xiA
=
4(1 + γ)2m2rBλ
z3(λ)
[
(z(λ) + rB)2 − λ2R2AB
]2
{
xiB
[
r2B+4rBz(λ)+3z
2(λ)−λ2R2AB
]
−λRiAB
[
r2B+4rBz(λ)+z
2(λ)−λ2R2AB
]}
,
(66)
which, after some lengthy but straightforward calculations, can be written as
∂I¯3
∂xiA
= 8(1 + γ)2m2
d
dλ
λ2 (z(λ) + rB)xiB − λrBRiAB
z(λ)
[
(z(λ) + rB)2 − λ2R2AB
]2
 . (67)
Finally, one needs to compute the integral corresponding to the second term of Eq. (54a), namely
RAB
2
∫ 1
0
[
λzi(λ)
z(λ)
∂U (2)
∂r
(z(λ))
]
dλ = −2κRABm2
∫ 1
0
λzi(λ)
z4(λ)
dλ
=
κm2RAB arccosµ
r2ArB(1− µ2)3/2
(−niA + µniB)− κm2RABr2ArB(1− µ2) (niB − µniA). (68)
Now, substituting from Eq. (63), Eq. (67) and Eq. (68) into Eq. (54a), one gets
∂∆
(2)
r
∂xiA
=
κm2
rArB
{
arccosµ√
1− µ2
[
−N iAB −
RAB
rA(1− µ2)
(
niA − µniB
)]− RAB
rA(1− µ2) (n
i
B − µniA)
}
+
(1 + γ)2m2
rArB(1 + µ)
{
N iAB +
RAB
rA(1 + µ)
(niA + n
i
B)
}
, (69a)
while a similar reasoning for
∂∆(2)r
∂xiB
lead to
∂∆
(2)
r
∂xiB
=
κm2
rArB
{
arccosµ√
1− µ2
[
N iAB −
RAB
rB(1− µ2)
(
niB − µniA
)]− RAB
rB(1− µ2) (n
i
A − µniB)
}
+
(1 + γ)2m2
rArB(1 + µ)
{
−N iAB +
RAB
rB(1 + µ)
(niA + n
i
B)
}
. (69b)
Some algebra allows to put the last two results in the same form as the one found in [48], which serves as verification of
our approach. Of course, in the case of the Schwarzschild metric the analytical derivation of Eq. (63) is much simpler
than the above calculations to get Eq. (69) and can be used to check our calculation. Nevertheless the method
presented here is very efficient for numerical evaluations of the derivatives of the TTF, necessary when using more
complex metrics and for the test of alternative theories of gravity, when the integrals are no longer analytic. As an
example, we will present in this section several applications of our formulae to future space missions.
A. Application to BepiColombo
The future BepiColombo mission will reach an impressive level of accuracy on its measurements: 10 cm on the range
and 10−6 m/s on the Doppler [4, 5]. Such an accuracy needs a light propagation model that includes the influence of
some of the 2PM terms coming from the Sun [26]. As an example of how the equations presented in this paper can
be applied to a real measurement, we simulate a one year Mercury-Earth Doppler link taking into account only the
gravitational contribution from the Sun. The Earth and Mercury orbits used here come from the JPL ephemerides
[49, 50] obtained using the SPICE toolkit [51].
Substituting for the metric, ∆r and its derivatives from Eq. (57), Eq. (59) and Eq. (69), respectively into Eq. (12)
one can write the expression of the Doppler around a spherical mass as
νB
νA
=
√
1− 2m
rA
+ 2β
m2
r2A
− 3
2
β3
m3
r3A
− v
2
A
c2
− 2γ v
2
A
c2
m
rA
− 3
2

m2
r2A
v2A
c2√
1− 2 m
rB
+ 2β
m2
r2B
− 3
2
β3
m3
r3B
− v
2
B
c2
− 2γ v
2
B
c2
m
rB
− 3
2

m2
r2B
v2B
c2
× qB
qA
, (70)
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where we defined
qA = 1− NAB · vA
c
− (1 + γ)m
crArB(1 + µ)
[
(rA + rB)NAB · vA +RABnA · vA
]
+
κm2
c rArB
[
arccosµ√
1− µ2
(
−NAB · vA − RAB
rA(1− µ2) (nA · vA − µnB · vA)
)
− RAB
rA(1− µ2) (nB · vA − µnA · vA)
]
+
(1 + γ)2m2
c rArB(1 + µ)
[
NAB · vA + RAB
rA(1 + µ)
(nA · vA + nB · vA)
]
(71a)
and
qB = 1− NAB · vB
c
− (1 + γ)m
crArB(1 + µ)
[(rA + rB)NAB · vB −RABnB · vB ]
+
κm2
c rArB
[
arccosµ√
1− µ2
(
−NAB · vB + RAB
rB(1− µ2) (nB · vB − µnA · vB)
)
+
RAB
rB(1− µ2) (nA · vB − µnB · vB)
]
+
(1 + γ)2m2
c rArB(1 + µ)
[
NAB · vB − RAB
rB(1 + µ)
(nA · vB + nB · vB)
]
. (71b)
We use relation (64) and Eq. (70)-(71) to estimate the order of magnitude of the first and second PM contributions to
the Mercury-Earth range and Doppler as illustrated in Figure 2. The different peaks correspond to Solar conjunctions
in the geometry of the observation. Moreover, we would like to stress the fact that the expression of the time transfer
5
10
15
20
25
30
1
PM
R
an
ge
@km
D
0 50 100 150 200 250 300 350
-0.2
0
-0.4
-0.6
-0.8
Time @dayD
2
PM
R
an
ge
@m
D
-0.10
-0.05
0
0.05
0.1
1
PM
D
op
pl
er
@m
sD
0 50 100 150 200 250 300 350
-5
-10
-15
-20
0
20
10
5
15
Time @dayD
2
PM
D
op
pl
er
@Μ
m
sD
FIG. 2. First and second post Minkowskian contributions to the Range and the Doppler for a 1 year Mercury-Earth radioscience
link.
used in the standard modeling of radioscience measurements (see for example [52]) is only an approximation of the
relation (64) given by
Tr(xA, tB ,xB) = tB − tA = RAB
c
+
(γ + 1)m
c
ln
(
rA + rB +RAB + (1 + γ)m
rA + rB −RAB + (1 + γ)m
)
. (72)
A comparison of range and Doppler simulations obtained using expressions based on the approximation (72) and on
expression (64), which is complete up to 2PM order, is shown in Figure 3 to quantify the accuracy of the standard
radioscience modeling. We get results just below BepiColombo accuracy. Nevertheless, future space missions are
going to aim at increasing the level of accuracy on radioscience measurements so that the current modeling shall be
improved to include the full 2PM correction on light propagation.
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FIG. 3. Difference between the standard formulation of the Range/Doppler used in radioscience modeling (72) and the exact
2PM expression (64).
B. Direction of a light ray emitted by a star and observed on Earth
In order to simulate an astrometric observable, one can specify the reference frame used to give the incident
direction of a light ray. As shown in section IV B, this reference frame is mathematically modeled by a tetrad Eµ〈α〉,
which explicitly appears in the computation of the astrometric observables (19). We develop here the expression of a
kinematically nonrotating tetrad comoving with an observer in the case of a static spherically symmetric space-time
described by the metric (47). This tetrad is called ”kinematically nonrotating” in the sense that the spatial coordinates
transformation between the global and the local coordinate frames does not depend on a time dependent orthogonal
matrix [53]. This kind of local coordinate system is currently used in the definition of the Celestial Geocentric
Reference System [54] and is extensively used in the context of the Gaia mission [40]. Defining ∂α the vectors of the
natural coordinate basis and e〈α〉 the basis vectors of the tetrad, the transformation between these two basis is noted
Eµ〈α〉 and is given by
e〈α〉 = E
µ
〈α〉∂µ . (73)
The great advantage of such a basis is that the tetrad is locally orthonormal. This transformation physically corre-
sponds to a change of basis in the tangent space of the differential manifold. From the point of view of the metric,
we can easily show the link between the gµν of the natural coordinate basis and η〈α〉〈β〉 using Eq. (73)
η〈α〉〈β〉 = g(e〈α〉, e〈β〉) = g(E
µ
〈α〉∂µ, E
ν
〈β〉∂ν) = E
µ
〈α〉E
ν
〈β〉g(∂µ, ∂ν) = E
µ
〈α〉E
ν
〈β〉gµν . (74)
All indexes related to the tetrad (between angle brackets) are raised and lowered using Minkowsky metric tensor,
while natural coordinate basis indexes are set up and down using the gµν metric.
We can split the transformation between the natural coordinate basis and the local comoving basis of the tetrad into
two parts λµ〈α〉 = Λ
κˆ
〈α〉Λ˜
µ
κˆ [37]. The first step (parametrized by Λ˜
µ
κˆ) consists in orthogonalizing the natural coordinate
basis to obtain a local orthonormal coordinate basis static with respect to the coordinate system used. The second
part of the transformation (parametrized by Λκˆ〈α〉) consists in applying a Lorentz boost to this orthonormal basis to
make it comoving with the observer. Quantities related to the final tetrad will be denoted with indices between angle
brackets while quantities expressed in the intermediate tetrad will be denoted with a hat. Since the space-time metric
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(47) is diagonal, it is straightforward to orthonormalize the basis
Λ˜0
0ˆ
=
1√
A(r)
, Λ˜i
0ˆ
= Λ˜0
iˆ
= 0 , Λ˜j
iˆ
=
δj
iˆ√
B(r)
. (75)
The second step consists in a Lorentz boost of the previous tetrad in order to make it comoving with the observer.
We will note the quadri-velocity of the observer (expressed in the global coordinate system) by uα = dxα/ds. This
velocity can also be expressed in terms of coordinates related to the intermediate tetrad uˆαˆ = dxˆαˆ/ds = Λ˜αˆµu
µ =(√
A(r)u0,
√
B(r)ui
)
. Finally, the coordinate velocity of the observer will be denoted by βi =
1
c
dxi
dt
. The same
quantity expressed in the intermediate tetrad is βˆi =
1
c
dxˆi
dtˆ
=
√
B(r)
A(r)
βi. The second matrix transformation is thus
simply given by a standard Lorentz transformation matrix whose inverse is given by
Λ0ˆ〈0〉 = γˆ , Λ
0ˆ
〈i〉 = Λ
iˆ
〈0〉 = −γˆβˆi , Λiˆ〈j〉 = δij +
γˆ2
γˆ + 1
βˆiβˆj (76)
with
γˆ =
(
1− βˆ2
)−1/2
=
(
1− B(r)
A(r)
β2
)−1/2
. (77)
The combination of Eq. (75) and Eq. (76) gives
E0〈0〉 =
γˆ√
A(r)
=
1√
A(r)−B(r)β2 , (78a)
Ei〈0〉 = −
γˆβˆi√
B(r)
= − β
i√
A(r)−B(r)β2 , (78b)
E0〈j〉 = −
γˆβˆj√
A(r)
= −
√
B(r)
A(r)
βj√
A(r)−B(r)β2 , (78c)
Ei〈j〉 =
δij +
γˆ2
γˆ + 1
βˆiβˆj√
B(r)
=
δij√
B(r)
+
√
B(r)βiβj√
A2(r)−A(r)B(r)β2 +A(r)−B(r)β2 . (78d)
Eq. (78) is the exact expression of a kinematically nonrotating tetrad comoving with a given observer in a static,
spherically symmetric space-time. It can be expanded to 2PM order if necessary using Eqs. (57)-(58).
We then consider a hypothetical star located far away from the Solar System and nearly in the Earth’s orbital plane.
We compute the incident direction of the light ray emitted by this star and observed on Earth. The reference frame
used to give the incident direction is given by a comoving kinematically nonrotating tetrad. The only gravitational
interaction considered is the one of the Sun described by the metric (57). The incident direction of the light ray can
be computed using Eq. (59c) and Eq. (69b) into Eq. (19), and the expression of the tetrad (78). The incident direction
of the light ray with respect to the tetrad is denoted by n(i) and can be parametrized by two angles α and δ usually
called right ascension and declination
n〈i〉 = (cosα cos δ, sinα cos δ, sin δ). (79)
Figure 4 represents the 1PM and 2PM contributions to α and δ as well as the total deflection angle. As one can see
from relation (69b), the 2PM correction to the angular measurement depends on two terms: a first term proportional
to κ and a second one proportional to (1 + γ)2, both of them being formally of order 2PM. Nevertheless, it is known
that the term proportional to (1 + γ)2 can be absorbed in the 1PM term by a change of variable and it is therefore
usually called ”enhanced 2PN term” (for further details, see [18, 48]). The enhanced 2PN term has a contribution of
the order of few milliarcseconds (mas) while the second order contribution proportional to κ has a contribution of 10
microarcseconds (µas) only.
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FIG. 4. Contributions to the observed direction of an incident light ray coming from a star. Left: contributions expressed for
the right ascension and declination in the tetrad (see relation (79)) - Right: contribution to the total angular deflection. The
2PM contribution is the total formal 2PM contribution (included the so-called ”enhanced 2PN terms”). The κ contribution
represents the κ term in (69b).
C. Angular distance between two stars as measured from Earth
For this application, we consider two hypothetical stars located far away from the Solar System nearly in the
Earth’s orbital plane and we compute the angular separation between these two stars as measured from Earth. This
representation can be used as a very simplified model of the GAME space mission [27, 55–57]. The only gravitational
interaction considered here is the one due to the Sun. Relation (20), giving the angular separation between two
incident light rays, can be simplified in the case of static and spherically geometry described by the space-time metric
(47). The observed angle φ between two stars can then be written as
sin2
φ
2
=
1
4
[(
A(rB)−B(rB)β2
) |kˆ′ − kˆ|2
B(rB)(1 + βmkˆm)(1 + βlkˆ′l)
]
B
, (80)
where
(
kˆj
)
B
and
(
kˆ′j
)
B
are the components of the deflection functions of the two incident light rays expressed in
global coordinates that can be computed using the expression (10b), A(r) and B(r) are the functions parametrizing the
metric (47) and βi = vi/c is the coordinate velocity of the observer. We apply the last expression in a Schwarzschild
geometry. The functions A(r) and B(r) are then given by (57) and the kˆ vectors are determined by (10b), once
Eq. (59c) and Eq. (69b) have been introduced. Figure 5 represents the evolution of the angular separation (80) with
respect to time and the contribution of the 1PM and 2PM corrections. As for the direction of the incident light ray (see
previous section), the 2PM correction to the angular measurement depends on two terms: a first term proportional to
κ and a second one proportional to (1 + γ)2. In this case too, the so called ”enhanced 2PN” term has a contribution
of the order of few mas while the 2PM contribution, proportional to κ, has a contribution of 10 µas only.
We shall recall that the accuracy aimed by modern astrometric missions is about the µas level, so that most 2PM
order effects are observable near the Sun while the ”enhanced 2PN term” also need to be taken into account when
observing near Jupiter or Saturn.
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FIG. 5. Contributions to the angular separation between two incident light rays coming from two stars as observed from Earth.
The 2PM contribution is the total formal 2PM contribution (included the so-called ”enhanced 2PN terms”). The κ contribution
is the contribution proportional to the κ term in (69b).
VII. CONCLUSIONS
In this paper, we use the Time Transfer Function in order to compute range, Doppler and two kind of astrometric
observables: the absolute incident direction of light rays in a given frame and the angular separation between two
incident light rays. The formulation presented in Section IV is very general and can be used at any order. All the
observables depend on the TTF and its derivatives. We also show how to numerically compute the TTF and its
derivatives up to 2PM order. This is done in the form of integrals of functions of the metric and its derivatives taken
along a straight line. This method is particularly efficient from a numerical point of view. On one hand, it does
not require one to numerically derive the TTF (which can lead to numerical error). On the other hand, it does not
require the computation of the full trajectory of the photon in curved space-time, which is a Boundary Value Problem
(see [24]). This approach can be applied to any metric and therefore can also be used to determine observables in
alternative theories of gravity (as long as the light propagation is governed by a null geodesic). We also present
a version of the formalism valid in the case of a static, spherically symmetric space-time. As a validation of our
method, we explicitly compute analytically the TTF and its derivatives in the case of a Schwarzschild-like geometry
and compare our expressions with well established results from [48]. Finally, we apply our formulae to compute
the Range and Doppler for a BepiColombo-like space mission and to simulate different configurations of a Gaia-like
and GAME-like astrometric observations. We show that the standard model used for radioscience measurements is
accurate at a level just below BepiColombo accuracy. We also highlight that modern µas-astrometry needs to take
into account second order relativistic corrections for observations near the limb of the Sun and of giant Solar System
planets.
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